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1 Operators

In this lecture we will start studying the most important part of the course on linear algebra
— the theory of operators.
Let V be a vector space. Any linear function from V to V is called the linear operator.

We will denote operators by script letters (A, B, €), for example:
AV -V

It means that the operator “rearranges” somehow vectors from the given vector space V. An
example of the operator can be an operator of rotation by an angle « — applying it, each vector
will be rotated by an angle a counterclockwise. Another example — operator of the reflection
with respect to given line — each vector maps to its reflection with respect to some line.

We will learn how to describe operators, and then we will try to classify them, and under-

stand actions of them. But first we will study some more facts about vector spaces.

2 Coordinates

Let V be a vector space, and assume that {ej,es,...,e,} is a basis. Since it is a basis, we can
represent any other vector v as a linear combination of basic vectors, i.e. for any vector v we

can find such numbers ay, ao, ..., a,, that
V= a1e1 + Ao + - - + Gpey.

Such numbers aq,as,...,a, are called coordinates of the vector v with respect to basis

{e1,€e9,...,e,}. Let’s consider some examples.

Example 2.1. Consider the space R, and let vector v = (1,1,1). We will consider 2 different

bases, and find coordinates of v with respect to them



o Let’s consider the standard basis
er = (1,0,0), ey =1(0,1,0), e3=1(0,0,1).
Then the vector v can be represented as
v=(1,1,1) = 1(1,0,0) + 1(0,1,0) 4+ 1(0,0,1) = le; + les + les.
So, the coordinates of this vector with respect to the standard basis are (1,1,1).
o Let’s consider another basis
el =(0,0,1), e5=1(0,1,1), e3=(1,1,1)
(we can simply check that this is a basis). Then the vector v can be represented as
v=(1,1,1) =0(0,0,1) + 0(0,1,1) + 1(1,1,1) = Oey + Oez + les.
So, the coordinates of this vector with respect to the basis {€}, ey, €4} are (0,0,1).

So, we see, that the coordinates of the same vector may be different with the respect to
different bases.

Now we will prove that if the basis is given, the coordinates are defined uniquely.

Theorem 2.2. Let V' be a vector space, and let eq,es, ..., e, be a basis. Then for any vector v

numbers ay, as, . .., a, such that
V= ai1e] + ages + - - + ane,
are defined uniquely, i.e. if

V= aie + ages + - -+ + ane, = biey 4+ boey 4 - - 4 ey

then a; = bl,CLQ = bg,...,an = bn
Proof. 1t
v=aie; + ases + - - - + ane, = bre; +byes + -+ bpe,
then
0= (a1e1 + ages + - -+ + ape,) — (breg + baeg + - - + byey)
= (ay —by)er + (ag — ba)ea + -+ + (ay, — by)en.
But vectors ey, e, ..., e, are linearly independent, thus coefficients of this linear combination

are equal to 0, i.e.

&1:b1, &szg, cey an:bn.



3 Change of the basis

Let V be a vector space, and assume that there are 2 fixed bases in V:

{e1,€9,...,6,} — “old” basis

{e},€h, ..., e} — “new” basis

Let’s consider any vector v. Then we can find its coordinates with respect to the “old” basis

and its coordinates with respect to the “new” basis. Our goal is to figure out how are they

related.
Let’s do the following construction. Since {ej,es,...,e,} is a basis, we can express all

vectors from the “new” basis as linear combinations of the vectors from the “old” basis.

!
€, = C1161 + Ca1€9 + -+ - + Cpi1€y

/
€9 = C12€1 + C92€9 + -t Cn2€n

/
€y = C1n€1 + Copeo + -+ Cpuntn

Now we can write the coefficients of these expressions as columns of the matrix:

Ci1 C12 ... Cip
Co1  C22 Con
C =
Cn1 Cp2 Cnn
This matrix is called change-of-basis matrix from the “old” basis {e1,es,...,e,} to the

“new” basis {€], e, ..., e}
Straight from the definition of the change-of-basis matrix it follows, that

€11 C12 Cin
(s ) = (erem . en) | 2 e o
Cn1  Cn2 Cnn
ie.
(€1, eh,...,€) = (e1,ea,...,6,)C (1)

Example 3.1. Let’s consider R3. Assume that the “old” basis is
€1 = (1,0,1), 62:<2,—1,0>, 63:(0,1,3),

and the “new” basis is

6/1 - (37074)7 6,2 = (47 _172)a eg = (_37272)a



Let’s express vectors from the “new” basis as linear combinations of the vectors from the “old”

basis.
e}:
3 1 2 0
6/1 =10l =c1 |0l +con | =1]|+c;1 |1
4 1 0 3

So, we have the following system:

C11 + 2021 = 3
— €1 + ¢ =

C11 + 3031 =

Solving this system, we can obtain c11 = 1,c91 = 1,¢31 = 1. So,

/
e; = €1 + eg + e3.

e):
4 1 2 0
eh=—-1]=ca|0|+ecn|-1]+en]|l
2 1 0 3
So, we have the following system:
Cl2 + 2c = 4
— C + o = -1
C12 + 3632 = 2
Solving this system, we can obtain cio = 2,c99 = 1,¢30 = 0. So,
ey = 261 + 3.
e
-3 1 2 0
6/3 = 2 = C13 0] + Co3 —1 + C33 1
2 1 0 3

So, we have the following system:

c13 + 2C23 = -3
— C3 + C33 =
C13 + 3633 =
Solving this system, we can obtain c13 = —1,co3 = —1,c33 = 1. So,
/
€3 = —€1 — €3 + es.



Writing all these coordinates as a columns of a matriz, we will obtain the change-of-coordinates

matriz:
1 2 -1
C=111 -1
1 0 1

from the “old” basis {e1, ea,e3} to the “new” basis {€, ey, es}.

Now we will learn what do we need this matrix for.
Let x be a vector from the vector space V' with 2 bases — “old” and “new”. Then we can
represent as a linear combination of vectors from the “old” basis and as a linear combination

of vectors from the “new” basis:
_ WA, /N o
T = T1€1 + Toey + -+ + Tpey = X6 + Xn€y + -+ X €,

In the matrix form we can write it as

/
/ / /
r= (e, ez....en) | | =(el ey ive) | .
T, x
Now, using formula (1) we can substitute (e}, €, ..., el,) and get the following:

T T
T2 )

r= (e, e....e,) | | =(er,ea,....,)C | .
T, x

So, now we see the following important result:

/ /
=C| |, o M =] (2)
/ /
T x;, T x;,

So, given the coordinates of the vector with respect to the “new” basis and the change-of-basis
matrix we can get the coordinates of the vector with respect to the “old” basis, and the other

way round.

Example 3.2 (Continuation of the example 3.1). Let the bases are the same as in the

previous example, i.e. the “old” basis is

€1 = (1707 1)7 €2 = (27 _17())7 €3 = (07 173)7



and the “new” basis is
€1 =(3,0,4), e,=(4,-1,2), e5=(-3,22),

As we computed in the previous example, the change-of-basis matrix is

1 2 -1
C=111 -1
1 0 1

Let x = (—2,4,10). Let’s try to find the coordinates of this vector with respect to the “old” and
to the “new” bases, and see that they are connected be relation (2).

For the coordinates with respect to the “old” basis, we should solve the following system:

-2 1 2 0
T = 4 =T 0 + X2 —1 + 23 1
10 1 0 3

Solving it, e.qg using Gaussian elimination, we get
I = —2, To — 0, T3 — 4.

For the coordinates with respect to the “new” basis, we should solve the following system:

—2 3 4 -3
c=|4 | =27 |0|+ay | -1|+a25| 2
10 4 2 2

Solving it, e.g. using Gaussian elimination, we get
=3, wy=-2, a5=1

Now we can check our main formula (2):

7| 12 -1\ /3 9 1
clay|=111 <1 |=2|=]0]=]m
xh 1 0 1 1 4 T3

4 Matrix of the linear operator

Let V be a vector space, and let {ej, es,...,e,} be the basis of V. Let A be a linear operator
in the space V.
Let’s apply this linear operator to basic vectors, and let’s represent them as a linear com-

bination of vectors from the basis, i.e.

Represent A(e;) as a linear combination of ey, e, ..., €,
Represent A(es) as a linear combination of eq,es, ..., €,
Represent A(e,,) as a linear combination of ey, ey, ..., e,



Now, we will write the corresponding coordinates as columns of a matrix: coordinates of A(e;)
to the first column, coordinates of A(ez) to the second column, etc. This matrix will be called
the matrix of a linear operator.

Actually, it means that if the operator A has a matrix A then
(Aler), A(es), ..., Alen)) = (e1,€2,...,e,)A (3)

Example 4.1 (Matrix of rotation by an angle a). We will consider the operator of the
rotation of the plane by an angle o counterclockwise.

vy
€2
Ales) 4
Aler)
o
(0] — &
e

From this picture we can see that the coordinates of the vector A(ey) are (cosa,sina), and

coordinates of the vector A(es) are (—sina,cosa). So, the matriz of the operator of rotation

cosa —Ssin«
sine  Cos «

As for linear functions, the following fact is true: if

of the plane by an angle « is

y = A(x)

then
y = Ax.

Example 4.2. Let’s consider a vector (1,1). Let’s find its coordinates after rotation by an
angle o counterclockwise. To do this we should multiply the matriz of rotation by the column

with coordinates of the vector. We get:

cos —sina 1 cosS v — sin «
sine  cosa 1 Ccos v + sin «

So, after rotation by an angle o counterclockwise the vector (1, 1) will become (cos a—sin a, cos o+
sina).



